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Abstract. In recent years it has been shown that iterative decoding techniques

improve the performance (bit error rate) of various digital communication sys-

tems. Techniques for Multiple-input multiple-output (MIMO) are a key technol-

ogy to promote high-speed wireless communication under the need of a low com-

plexity iterative scheme for detection. Spherical decoding (SD) has been sug-

gested as an efficient algorithm to solve such detection problem. SD is known

as an algorithm of polynomial complexity without clearly specifying the as-

sumptions made about its structure. Recently, SD has become a powerful tool

to achieve a performance close to maximum likelihood (ML) algorithm (consid-

ered ideal) but involving lower complexity. In this paper we analyze the spheri-

cal decoder performance compared to other decoders on different channels using

Montecarlo simulations.

Keywords: Sphere Decoding, Wireless Communications, Multi-Antenna Sys-

tems, Maximum Likelihood, Zero Forcing, Complexity.

1 Introduction

Wireless communications have captured the attention and imagination of the world and

have become the segment’s largest and fastest growing subject in the area of telecom-

munications. The main reasons are the desire for mobility and access to the network

without a physical connection (wired). Various technologies and systems have been

proposed to provide wireless communication services [1].

The first generation mobile systems (1G) is characterized by analog transmission

of voice and it was introduced in the early 80’s. Systems of second generation (2G)

are distinguished by the digital transmission of voice and data at low rates. The third

generation (3G), arises from the need to increase data transmission capacity in order

to offer services like Internet access, video conferencing, television, and downloading

files [2].

The success of wireless communications has been primarily associated with a steady

increase in system capacity and quality of service. The bandwidth is limited and expen-
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sive and in order to continue this trend should be used new technologies to provide

greater spectral efficiency and reliability.

Traditionally the antenna systems are formed by one transmitter and one receiver,

e.g. Single-Input Single-Output (SISO) systems. In some cases this setting is changed

by increasing the number of antennas to provide diversity to the system, transforming it

in a Multiple-Input Multiple-Output (MIMO) system. The objective of MIMO systems

is to increase the capacity given the rich scattering propagation environment offered to

the signal.

The work of Foschini [3] and Telatar [4] show that by increasing the number of

antennas on both sides of the channel, substantially increases the number of bits that

can be transmitted (capacity), something unthinkable in SISO systems. This increased

capacity is associated with a wealth of dispersion in the environment, which allows the

transmission of information by independent paths.

Due to its advantages over traditional systems, the MIMO communication systems

have emerged as a key technology. MIMO techniques have been proposed as extensions

of existing wireless communication standards such as IEEE 802.11, HSDPA and are

part of emerging standards such as IEEE 802.16.

There are generally three categories of MIMO techniques. The first aims to improve

power efficiency and maximization of spatial diversity. For example, delay diversity,

STBC (Space Time Block Codes), STTC (Space Time Trellis Codes). The second ap-

proach uses layers to increase the capacity, e.g. V-BLAST (Vertical-Bell Laboratories

Layered Space-Time) where signals are transmitted over multiple antennas to increase

transmission speed. The third type exploits the channel knowledge at the transmitter.

This channel information is used for pre and post filtering in the transmitter and re-

ceiver, which can achieve a gain in capacity.

Pre-coded data to be transmitted cannot completely prevent the effects of the chan-

nel due power constraints. Also, there are few problems with the calculation of the

inverse of the channel, especially when the matrix-channel is near singular or singular.

Therefore, it is necessary a stage for detection at the receiver in order to ensure suc-

cessful information recovery. The detection methods can be optimum (that are often

complex) or suboptimal (Heuristic) which have a low computational complexity.

The Maximum likelihood (ML) detector, in general terms, it requires joint detection

of an entire block of symbols [5]. Although optimal, the extreme complexity of the

decoder is opposed to practical use in multiple antenna systems. Especially, when using

modulations of several bits per symbol and / or many transmit antennas are involved.

For multiuser detection (MUD), the block of symbols increases and so does the number

of operations needed to detect, making it virtually impossible for practical use [6]

Zero Forcing Detector (ZF) uses the reverse of the channel to remove the effects

of it, but despite its low complexity is not useful for practical applications since the

calculation of the inverse of the channel becomes complex by increasing its size. Addi-

tionaly, the channel matrix may be not invertible and its performance is far below the

ML detector.

Consequently, there has been a growing interest in the field of decoding for ML

detection in digital communications. The sphere decoding (SD), offers to decrease the
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computational complexity because it only explores the possible outcomes in a radio “r”

thus reducing the number of operations performed to obtain a result [7].

In this paper, we analyze the performance and complexity advantages of a proposed

spherical decoder comparing it with others using Monte Carlo simulations.

2 System Model

The model consists of a MIMO system with MT transmitters and MR receiving antennas,

the received signal vector of dimension MR is given by:

y = Hx+n (1)

where H denotes the channel matrix MR×MT , x= [x1 x2 ... xMT
]T is the signal

transmitted vector of MT elements and n is a complex Gaussian noise vector that is

added with dimensions MR. Inputs x are chosen independently from a constellation O

to the bits per symbol Q, e.g. |O| = 2Q. The set of all possible symbols to transmit is

denoted by OMT . We assume for the simulation that the number of receivers equals the

number of transmitters MT = MR and also H is modeled as a Rayleigh fading channel,

Rician or correlated [8].

3 Overview of Methods

3.1 Maximum Likelihood

Maxium likelihood (ML) is based on the method of least squares and the objective is to

find the minimum Euclidean distance of each element from the vector received while at

the same time analyzing all existing solutions, see Figure 1.

x̂ = arg min
x∈RMR

‖y−Hx‖2 (2)

Basically, ML consists in solving (2) from a set of possible symbols which depend en-

tirely in the shape of the modulation scheme used. From (2) we have that y= [y1 y2 · · · ,yMR
]

is the received vector and HMT×MR
corresponds to the channel, x = [x1 x2 · · · xMT

] is the

potential vector data that has been sent to, x̂ = [x̂1 x̂2 · · · x̂MR
] is the vector of received

data according to the algorithm, which theoretically was sent. With this method, the

complexity grows exponentially as it makes 2MT iterations before delivering a result.

3.2 Zero Forcing

For a channel with a response H, ZF decoder inverts the channel response calculating

its inverse.

inv(H) = H−1 (3)

H ∗H−1 = I (4)
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Fig. 1. Interpretation of ML.

Ideally, when performing this process, the channel effects are nullified as seen in

(4).

y = Hx+n (5)

x̂ = inv(H)∗ y (6)

x̂ = x+n′ (7)

however, as shown in (7), the noise vector has been amplified by H−1.

3.3 Sphere-Decoder

The basic premise of sphere decoding is quite simple: it comes to finding the minimum

Euclidean distance within a sphere centered at y and radius r reducing the search space

and therefore the required calculations, as shown in Figure 2.

It is clear that the closest point within the radius of the sphere is also the closest

point within the full mesh.

The point Hx is a sphere of radius “r”, if and only if:

r2 ≥ ‖y−Hx‖2 (8)

To divide the above problem into subproblems, it is useful to consider the QR fac-

torization of the matrix H.

H = QR (9)

H =




Q11 Q12 Q13

Q21 Q22 Q23

Q31 Q32 Q33






R11 R12 R13

0 R22 R23

0 0 R33


 (10)

So then the condition can be described as:
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Fig. 2. Interpretation of SD.

r2 ≥ ‖Q∗
1y−Rx‖2 +‖Q∗

2y‖2 (11)

or:

r2 −‖Q∗
2y‖2 ≥ ‖Q∗

1y−Rx‖2 (12)

defining y = Q∗
1y and r82 = r2− ‖ Q∗

2x ‖2 allows us to rewrite this as

r82 ≥
m

∑
i=1

(yi −
m

∑
j=i

ri, jx j)
2 (13)

where the first term depends only on xm, the second term on xm,xm−1, and so on.

Therefore a necesasary condition for Hx to lie inside the sphere is that r82 ≥ (ym −
Rm,mxm)

2. This condition is equivalent to xm belonging to the interval

⌈−r8+ ym

Rm,m

⌉
≤ xm ≤

⌊
r8+ ym

Rm,m

⌋
(14)

where ⌈•⌉ denotes rounding to the nearest larger element in the set of numbers that

spans the lattice. Similarly, ⌊•⌋ denotes rounding to the nearest smaller element in the

set of numbers that spans the lattice.

Of course, (14) is by no means sufficient. For every xm satisfying (14), defining

r82m−1 = r82 − (ym −Rm,mxm)
2 and ym−1|m = ym−1 −Rm−1,mxm a stronger necessary con-

dition can be found by looking at the first two terms in (13), which leads to belonging

to the interval

⌈−r8m−1 + ym−1|m
Rm−1,m−1

⌉
≤ xm−1 ≤

⌊
r8m−1 + ym−1|m

Rm−1,m−1

⌋
(15)
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Algorithm

Input: Q, R, y = Q1x, r.

1. (initialize) k = m, r82m = r2 −‖Q∗
2x‖2, ym|m+1 = ym

2. (limits) UB(k) = ⌊(r′k + yk|k+1)/Rk,k⌋, xk = ⌈(−r′k + yk|k+1)/Rk,k⌉−1

3. (increase xk),xk = xk +1. If xk ≤UB(k), go to 5; else , goto 4.

4. (increase k) k = k+1; if k = m+1, terminate the algorithm; else, goto 3.

5. (Decrease k) If k = 1, ir a 6; else k = k − 1, yk|k+1 = yk −∑
m
j=k+1 Rk, jx j, d82

k =

d82
k+1 − (yk+1,k+2 −Rk+1,k+1xk+1)

2, and goto 2.

6. Solution found. save x and it’s distance from y, d82m − r821 +(y1 −R1,1x1)
2 and goto

3.

Where Q and R come from the decomposition QR, y is the received data, y = Q1x, r

is the radius of the sphere, m is the dimension received data vector and x̂ is the estimated

figure [7].

4 Results

In figures 3 and 4 is observed as a reference the ZF detector performance over a Rayleigh

fading channel, although the detector has a low computational complexity, its perfor-

mance is inferior to the ML detector and the SD.

With a SNR of 10 dB and a Rician fading channel (which corrupts the data in a

more aggressive way than the Rayleigh channel) with k = 0.1, we obtain a gain of 2.5

dB compared to ZF detector. However, this gain causes an increase in computational

complexity, see Figure 3

Using the SD under similar conditions to those mentioned above, but this time on

a correlated fading channel with alpha = 0.5, we obtain a performance similar to ZF.

When alpha < 0.5 (highly correlated channel), we obtain a certain gain causing again

a complexity increment, see Figure 4

The ideal solution to the problem is given by the ML scheme, but due to the ex-

haustive search performed along all the constellation of possible outcomes, it becomes

prohibitive to practical use. In other words, complexity rises rapidly with increasing the

number of antennas or change in the encoding (increase of bits per symbol). The SD

reduces the complexity and try to get similar performance so it can be implemented and

its complexity in the worst case is polynomial [5] making it more practical than ML.

The Figure 5 compares the computational complexity of ML detector and SD in

terms of FLOPS (Floating Point Operations Per Second), we can see that increasing the

number of antennas (Tx = Rx) and therefore the possible outcomes, the ML scheme

increases exponentially the number of operations needed for the detection stage. On
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Fig. 3. BER performance graph, ML vs SD through a Rician fading channel with 2 Tx and 2 Rx,

with BPSK modulation.

the other hand, SD grows far slower than ML saving a big amount of operations and

making it practical to deploy.

5 Conclusions

In this paper we have studied the advantages of the spheric detector which performance

is similar to ML without use as many operations making it more easy to deploy for mo-

bility applications. Also, its lower complexity makes the SD to offer a higher throughput

that the ZF detector.

Even under conditions of high correlation or fading, the proposed SD detector shows

superior results in comparison with linear detectors such as ZF which its main advan-

tage it is the low complexity but lacks of good performance. Additionally, with the rapid

development of electronic devices (faster processors), the low levels of complexity and

high performance, SD is set as a candidate for implementation in wireless systems of

multiple antennas under critical conditions such a highly-correlated or Rician channels.
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Fig. 4. BER performance graph, ML vs SD through a Correlated fading channel with 2 Tx and 2

Rx, with BPSK modulation.
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